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COMPLETE SOLUTIONS OF CERTAIN
LEBESGUE-RAMANUJAN-NAGELL TYPE
EQUATIONS
KALYAN CHAKRABORTY, AZIZUL HOQUE AND RICHA SHARMA
Abstract. It is well-known that for p = 1, 2, 3, 7, 11, 19, 43, 67, 163
the class number of Q(
√−p) is one. We use this fact to determine
all the solutions of x2 + pm = 4yn in non-negative integers x, y,m
and n except for p = 2. For this value of p, we obtain all the
solutions (x, y,m, n) assuming the conjecture of S. A. Arif and F.
S. Abu Muriefah [3].
1. Introduction
Exponential Diophantine equations are classical and even now it is
been a very active area of research. One of the most prominent equation
of this type is the so-called Lebesgue-Ramanujan-Nagell type equation,
x2 +Dm = λyn (1.1)
where D and λ are fixed positive integers, and one is looking for a set
(x, y,m, n) in positive integers as a solution set. Many special cases of
(1.1) have been considered over the years, but all most all the results
for general values of m and n are of fairly recent origin. The earliest
result is due to P. de Fermat, who showed that for (m,n) = (1, 3),
equation (1.1) has only one solution, viz. (x, y) = (5, 3) when λ = 1
and D = 2.
When D, λ, y = C and m = 1 are fixed in (1.1), the resulting
equation is called Ramanujan-Nagell type equation, namely;
x2 +D = λCn. (1.2)
The famous Ramanujan-Nagell equation is a particular case of (1.2)
when D = 7, λ = 1 and C = 2. S. Ramanujan [28] in 1913, conjectured
that the complete set of solutions of (1.2) is given by
(x, n) = {(1, 3), (3, 4), (5, 5), (11, 7), (181, 15)}.
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W. Ljunggren posed the same problem in 1943. T. Nagell confirmed
it in 1948, and his proof in english was published in 1960 (see, [27]).
R. Ape´ry [1] proved that (1.2) has only two solutions when D ≡ 7
(mod 8), λ = 1 and C = 2 except when D = 7. In particular, he
obtained the following solutions
(x, n) =
{
(3, 5), (45, 11) when D = 23,
(1, ℓ), (2ℓ−1 − 1, 2ℓ− 2) when D = 2ℓ − 1,
for some integer ℓ ≥ 4. In [2], he proved that (1.2) has only two
solutions when λ = 1 and C = p an odd prime not dividing D. One
can consult [29, 8] to know more about the solutions of (1.2).
When D, λ and m = 1 are fixed in (1.2), the resulting equation is
called a Lebesgue-Nagell type equation, namely;
x2 +D = λyn. (1.3)
There are many interesting results on the solutions of (1.3) when λ = 1.
The first result in this case is due to V. A. Lebesgue [22], who proved
that (1.3) has no solutions in positive integers x, y and n when D = 1.
For D > 1 and for λ = 1, the same equation has been extensively
studied by several authors and in particular, by J. H. E. Cohn [15, 14],
A. Hoque and H. K. Saikia [18], and M. Le [19, 20]. We also refer to
[14] for a complete survey on (1.3) when λ = 1. In [14], J. H. E. Cohn
solved (1.3) completely for 77 values of D ≤ 100 in the case of λ = 1.
M. Mignotte and B. M. M. de Weger [25] solved (1.3) for D = 74, 86
and λ = 1. Also M. A. Bennett and C. M. Skinner [9] treated (1.3)
when D = 55, 95 and λ = 1. Recently, Y. Bugeaud, M. Mignotte and
S. Siksek [12] studied (1.3) completely for the remaining 19 values of
D ≤ 100 when λ = 1.
S. A. Arif and F. S. A. Muriefah [4] considered (1.1) whenD = 3, λ =
1, n ≥ 3 and m is a fixed odd positive integer. They proved that in this
case (1.1) has only one solution, given by (x, y, n) = (10×33ℓ, 7×32ℓ, 3)
and m = 6ℓ + 5 for some integer ℓ ≥ 0. F. Luca [23] extended this
result, and solved (1.1) completely for the case (D, λ) = (3, 1). One
can conclude by looking closely into these two results that (1.1) has
infinitely many solutions (x, y,m, n) when (D, λ) = (3, 1) and n ≥ 3,
and the parametric form of these solutions is given by
x =
{
10× 33ℓ if 2 ∤ m,
46× 33ℓ if 2 | m,
y =
{
7× 32ℓ if 2 ∤ m,
13× 32ℓ if 2 | m,
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m =
{
6ℓ+ 5 if 2 ∤ m,
6ℓ+ 4 if 2 | m,
n = 3,
where ℓ is a non-negative integer.
The equations of the type (1.1) are naturally well connected with
the investigation of class number of imaginary quadratic number field
Q(
√−D). The solvability of some special cases of (1.1) has been used in
[16, 17] to investigate the class number of certain imaginary quadratic
number fields. S. A. Arif and F. S. A. Muriefah [5] investigated (1.1)
for the case λ = 1, n ≥ 5, m odd integers and D = p an odd prime,
and proved that it has no solutions (x, y,m, n) under the conditions
p 6≡ 7 (mod 8), n 6≡ 0 (mod 3) and n is coprime to the class number
of Q(
√−p) except for p = 19, 341. For these values of p, the equation
has exactly two families of solutions under the above conditions. A.
Be´rczes and I. Pink [6] considered (1.1) under the conditions: λ = 1, m
even integer, D = p(≤ 100), n odd primes and gcd(x, y) = 1. They
proved that under these conditions (1.1) has no solutions except for
n = 3, 5, 7 and in these cases they listed all the solutions and they are
eight in total ( six for n = 3 and one each for n = 5 and 7 respectively).
In [29, 31], the authors considered (1.1) for the case λ = 1, m odd
and D > 0 square-free integer, and solved it completely under the
assumption that the class number of Q(
√−D) is 1 apart from the case
d ≡ 7 (mod 8) in which y was supposed to be odd. In a recent work,
A. Be´rczes and I. Pink [7] extended the result of [29] to the case: class
number of Q(
√−d) is either 2 or 3. For the case λ = 2, Sz. Tengely
[30] considered (1.1) when D = p, m = 2q with both p and q > 3 odd
primes, and proved that it has finitely many solutions (x, y, p, q) under
the assumption that y is restricted to the set of integers which are not
the sum of two consecutive squares. A more general version of this case
was closely studied by F. S. A. Muriefah, F. Luca, S. Siksek and Sz.
Tengely in [26] when D ≡ 1 (mod 4). On the other hand for the case
(m, λ) = (1, 4), F. Luca, Sz. Tengely and A. Togbe´ [24] studied the
solutions (x, y, n) of (1.1) when D ≡ 3 (mod 4) with D ≤ 100. They
also determined all possible solutions (x, y, n) when D = 7a×11b×13c,
with a, b, c ≥ 0 such that min{b, c} = 0.
In this paper, we find all the solutions of (1.1) in positive integers
x, y,m and n when λ = 4 and D = {1, 2, 3, 7, 11, 19, 43, 67, 163}. More
precisely, we find all the solutions of the equation
x2 + pm = 4yn (1.4)
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in non-negative integers x, y,m and n for p ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163}
with an exception when p = 2. It is to be noted that (1.4) has been
solved completely for p = 19 in [10], and thus we exclude this case. It
is also noted that (1.4) has no solution for p = 1.
2. Statement of the result
We begin by considering the case m = 0, and thus (1.4) becomes
x2 + 1 = 4yn
and it is easy to see that this equation has no solution. Similarly, we
see that (1.4) has no solution (x,m) when n = 0. Also trivially one
notes that for (x, y) ∈ {(0, 0), (0, 1), (1, 0)} (1.4) has no solution. The
case (x, y) = (1, 1) and p = 3 contributes one family of solutions, viz.
(x, y, p,m, n) = (1, 1, 3, 1, n). Therefore in order to find all the solutions
(x, y,m, n) of (1.4), it is sufficient to consider the cases x, y ≥ 2 and
m,n ≥ 1.
Clearly x is even for p = 2, (from (1.4)), and thus by writing x = 2X
we get
X2 + 2m−2 = yn. (2.1)
We can conclude from [13] that (2.1) has only three families of solutions
(x, y,m, n) when m ≥ 3 is odd and n ≥ 3. In these cases, all the
solutions are given by Table 1 (with t ∈ Z≥0).
X y m n
5× 23t 3× 22t 6t+ 3 3
7× 22t 3× 2t 4t+ 7 4
11× 25t+3 3× 22t+1 10t+ 7 5
Table 1. Solutions of (2.1) when m ≥ 3 is odd and n ≥ 3.
For even m > 2 and n ≥ 3, S. A. Arif and F. S. Abu Muriefah [3]
conjectured that (2.1) has exactly two families of solutions given by
Table 2 (with t ∈ Z≥0).
X y m n
2t 2 2t+ 2 2t+ 1
11× 23t 5× 22t 6t+ 4 3
Table 2. Solutions of (2.1) when m ≥ 4 is even and n ≥ 3.
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This conjecture was verified by S. A. Arif and F. S. Abu Muriefah
[3] for the following cases:
(i) n is even,
(ii) all values of m ≤ 97 except possibly for 30 such values,
(iii) m = 32ℓm′ + 2, ℓ ≥ 0 and 3 ∤ m′,
(iv) n has a prime divisor ℓ 6≡ 7 (mod 8),
(v) m ≡ 2 (mod 4) with 5 ∤ m.
This conjecture was further partially confirmed by M. Le [21] when y
is odd. Remaining cases of this conjecture are still open. Assuming
this conjecture, all the solutions (x, y,m, n) of (1.4) are given by Table
3.
x y m n
5× 23t+1 3× 22t 6t + 3 3
7× 22t+1 3× 2t 4t + 7 4
11× 25t+4 3× 22t+1 10t+ 7 5
2t+1 2 2t + 2 2t+ 1
11× 23t+1 5× 22t 6t + 4 3
Table 3. Solutions of (1.4) when m,n ≥ 3. Here t ∈ Z ≥ 0.
We now consider (1.4) only for the remaining values of p, that is
p = 3, 7, 11, 43, 67, 163. When m is even, if we reduce (1.4) modulo
4 for these values of p, we get x2 ≡ 3 (mod 4). This is not possible,
and thus in this case (1.4) has no solutions (x, y,m, n). Therefore
the problem of finding all the solutions (x, y,m, n) of (1.4) reduces to
finding all the solutions (x, y, k, n) of the following:
x2 + p2k+1 = 4yn, (2.2)
where p = 3, 7, 11, 43, 67, 163.
When n = 1, it is easy to see that (2.2) has infinitely many solutions,
and all of them are given by the following parametric form:{
x = 2t + 1,
y = t2 + t+ 1+p
2k+1
4
, where t ∈ Z≥0.
We are now in a position to state our main result.
Theorem 2.1. Let k ≥ 0 and n ≥ 2 be two integers. Then (2.2) has
no solutions (x, y, k, n) except for n ∈ {2, 3, 5, 7, 13}. In these cases,
the families of solutions are given by Table 4 (with t,m ∈ Z≥0).
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x y p k n
pt × p2(k−t)+1−1
2
pt × p2(k−t)+1+1
4
p k 2
37× 33r 7× 22r 3 3r 3
5× 73r 2× 72r 7 3r 3
11× 75r 2× 72r 7 5r 5
31× 115r 2× 112r 11 5r 5
13× 77r 2× 72r 7 7r + 1 7
181× 1313r 2× 132r 7 13r 13
Table 4. Solutions of (2.2)
We use elementary arguments and some properties of Lucas numbers
to prove Theorem 2.1. We give the definitions of Lucas numbers and
its primitive divisors for the sake of completion. Let α and β be two
algebraic numbers satisfying:
• α + β and αβ are nonzero co-prime rational integers,
• α
β
is not a root of unity.
Then the sequence (un)
∞
n=0 defined by
un =
αn − βn
α− β , n ≥ 1,
is a Lucas sequence. We say that a prime number p is a primitive
divisor of a Lucas number un if p divides un, but does not divide (α−
β)2u2 · · ·un−1.
3. Proof of Theorem 2.1
It is easy to see from (2.2) that both x and y are odd except when
p = 7. When p = 7, we see that x is odd and y is even. We first prove
the following crucial proposition.
Proposition 3.1. Let k and n be as in Theorem 2.1. Then solutions
(x, y, p, k, n) of (2.2) with gcd(p, x) = 1 and odd n are given by Table
5.
Proof. It is sufficient to investigate the solutions of (2.2) for all odd
prime values q of n, that is to find all the solutions (x, y, k, q) of
x2 + p2k+1 = 4yq, (3.1)
where p = 3, 7, 11, 43, 67 and 163.
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x y p k n
37 7 3 0 3
5 2 7 0 3
11 2 7 0 5
31 3 11 0 5
13 2 7 1 7
181 2 7 0 13
Table 5. Solutions of (2.2) when gcd(p, x) = 1 and odd n
We can factorize yq uniquely as the class number of Q(
√−p) is one:(
x+ pk
√−p
2
)(
x− pk√−p
2
)
= yq.
Thus for some rational integers a and b with same parity, we have
x+ pk
√−p
2
= u
(
a+ b
√−p
2
)q
(3.2)
satisfying y = a
2+pb2
4
with u is a unit in the ring of integers of Q(
√−p).
Now the only units in the ring of integers of Q(
√−p) are ±1 when
p 6= 3. These can be absorbed into the q-th power. For p = 3, the units
are ±1,±ω,±ω2, where ω = exp(2π/3), and all of them satisfy u6 = 1.
Thus these units can also be absorbed into the q-th power except when
q = 3. Therefore (3.2) implies
x+ pk
√−p
2
=
(
a+ b
√−p
2
)q
(3.3)
satisfying y = a
2+pb2
4
except in the case when p = q = 3. Since x odd, it
is easy to see that both a and b are also odd. Now equating imaginary
parts in (3.3) we get,
2q−1pk = b
q−1
2∑
r=0
(
q
2r + 1
)
aq−2r−1(−p)r(b2)r (3.4)
with gcd(p, a) = 1. As b is odd, its possible values are ±1, ±pt and
±pk for some integer 1 ≤ t ≤ k − 1.
We first consider b = ±1. In this case (3.4) gives
± 2q−1pk =
q−1
2∑
r=0
(
q
2r + 1
)
aq−2r−1(−p)r (3.5)
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with gcd(p, a) = 1. If k = 0, then (3.5) becomes
±2q−1 =
q−1
2∑
r=0
(
q
2r + 1
)
aq−2r−1(−p)r (3.6)
and we will consider this later.
For k > 0, one can see from (3.5) that q = p as gcd(p, a) = 1. Now
dividing both sides of (3.5) by p, and then reading modulo p gives
k = 1 and only the positive sign holds. More precisely, we obtain,
2q−1 = aq−1 −
q−1
2∑
r=1
(
q
2r + 1
)
aq−2r−1(−p)r−1. (3.7)
This is same as (3.8) when k = 1.
Next to consider is the case when b = ±pt with 1 ≤ t ≤ k− 1. Then
(3.4) implies
±2q−1pk−t =
q−1
2∑
r=1
(
q
2r + 1
)
aq−2r−1(−p)r(p2t)r.
We reduce this equation modulo p and derive as before that, q = p.
Then dividing by p, and then reading modulo p, we see that k = t+ 1
and only the positive sign holds. Consequently, we get
2q−1 = aq−1 −
q−1
2∑
r=1
(
q
2r + 1
)
aq−2r−1(−p)r−1(p2r)k−1. (3.8)
We now show that (3.8) does not hold when p = q. In this case one has
q ≡ 3 (mod 4) and thus we can write q = 3 + 2sv for an integer s ≥ 2
and an odd integer v. Therefore we read (3.8) modulo 2s+1 to get
0 ≡ aq−1 −
(
q
3
)
aq−3p2t + (−p) q−12 (p2t) q−12 (p)−1 (mod 2s+1). (3.9)
Using Euler’s theorem, we have
aq−1 ≡ a2 (mod 2s+1).
Similarly, we see that(
q
3
)
aq−3 ≡ 1 + 2s−1v (mod 2s+1) ≡ 1 + 2s−1 (mod 2s+1).
Using this as before with the observation that 2sv ≡ 2s (mod 2s+1) if
v is odd, we get
(−p) q−12 (p2t) q−12 (p)−1 ≡ −p2t (mod 2s+1),
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where t ≥ 1. We use these congruences in (3.9) to get:
0 ≡ a2 − (1 + 2s−1)p2t − p2t (mod 2s+1).
This implies that
a2 ≡ p2t(2 + 2s−1) (mod 2s+1).
This is not possible since a is odd and gcd(p, a) = 1.
We now arrive on to the case when b = ±pk. In this case (3.4) would
imply
±2q−1 =
q−1
2∑
r=0
(
q
2r + 1
)
aq−2r−1(−p)r(p2k)r. (3.10)
It is noted that when k = 0 equation (3.6) is same as (3.10). In order
to solve (3.1) it suffices to consider (3.4) with a an odd integer, b = ±pk
and a, q, p satisfy (3.10).
We fix α = a+p
k
√−p
2
. Then
αq − α¯q
α− α¯ = ±1, (3.11)
where α¯ denotes the conjugate of α. Here both α and α¯ are algebraic
integers as well as gcd(α + α¯, αα¯) = 1. We observe that α
α¯
is not a
root of unity in the ring of integers of Q(
√−p). Thus (α, α¯) is a Lucas
pair, and hence uq =
αq−α¯q
α−α¯ is a Lucas number. Using a result of Bilu,
Hanrot and Voutier [11], one concludes that uq has primitive divisors
for all primes q > 13, which contradicts (3.11) and thus (3.4) has no
solution for all primes q > 13.
On the other hand, if q ∈ {5, 7, 11, 13} then there are Lucas pairs
(α, α¯) for which uq does not have primitive divisors. We consider each
of these primes separately.
For q = 13, the only Lucas pair without primitive divisors belongs
to Q(
√−7) and the corresponding α = 1+
√−7
2
. Now comparing with
our fixed α, we get a = 1 and k = 0. Thus (3.3) gives (x, y) = (181, 2).
This gives a solution, viz. (x, y, k, q) = (181, 2, 0, 13) of (3.1).
When q = 11, there are no Lucas pairs without primitive divisors,
and hence in this situation we do not get any solution.
Again for q = 7, the only Lucas pair without primitive divisors
belongs to Q(
√−7) which corresponds to α = 1+7
√−7
2
and thus we get
a = 1 and k = 1. Therefore (3.1) becomes
x2 + 73 = 4y7.
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We now use [24, Theorem 1.2], to conclude that (x, y) = (13, 2) is the
only solution of the above equation. Thus the corresponding solution
of (3.1) is (x, y, k, q) = (13, 2, 1, 7).
Further for q = 5, the only two Lucas pairs without primitive divisors
belong to Q(
√−7) and Q(√−11), and are given by α = 1+
√−7
2
and
α = 1+
√−11
2
respectively. This further implies that a = 1 and k = 0.
Thus (3.1) becomes
x2 + p = 4y5,
where p = 7, 11. Again using [24, Theorem 1.1], we conclude that
(x, y, p) ∈ {(11, 2, 7), (31, 3, 11)} are the only solutions of this equation.
The corresponding solutions of (3.1) are
(x, y, k, q) ∈ {(11, 2, 0, 5), (31, 3, 0, 5)}.
We finally consider the case q = 3.
(i) k = 0. In this case (3.1) becomes,
x2 + p = 4y3
which has only two solutions (x, y, p) ∈ {(37, 7, 3), (5, 2, 7)} except
for p = 163. The corresponding solutions of (3.1) are (x, y, k, q) ∈
{(37, 7, 0, 3), (5, 2, 0, 3)}.
We now deal with the case when k = 0 and p = 163; equating the
imaginary parts of (3.3) we get,
4 = b(3a2 − 163b2).
As b is odd, the only possible values of b are ±1, and thus ±4 =
3a2 − 163. This is not possible since a is an odd integer.
(ii) k ≥ 1. Again equating the real and imaginary parts of (3.3)
except when p = 3, we get
4x = a3 − 3ab2p (3.12)
and
4pk = 3a2b− pb3. (3.13)
The possible values of b are ±pt, 0 ≤ t ≤ k (as b is odd).
For t = 0; (3.13) reduces to
±4pk = 3a2 − p.
As p 6= 3 and k ≥ 1, one derives from above relation that p | a, which
is a contradiction.
For 1 ≤ t ≤ k; (3.13) gives
±4pk−t = 3a2 − p2t+1.
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Since gcd(a, p) = 1 and p 6= 3, one derives that k = t, and thus the
above equation reduces to
±4 = 3a2 − p2k+1. (3.14)
As p ≡ 1 (mod 3), except for p = 11, reading (3.14) modulo 3 we can
avoid positive sign from the l.h.s. of (3.14). Thus (3.14) reduces to
−4 = 3a2 − p2k+1. (3.15)
Similarly for p = 11, by reading (3.14) modulo 3 we can avoid negative
sign from the l.h.s. of (3.14), and thus it reduces to
4 = 3a2 − p2k+1. (3.16)
For p = 163, reading (3.15) modulo 9 we obtain a2 ≡ 2 (mod 3). This
is not possible.
Again for p = 67, reading (3.15) modulo 11 we obtain a2 ≡ 10
(mod 11) which is not possible.
When p = 43, reading (3.15) modulo 11 we obtain a2 ≡ 2 (mod 11)
which is again not possible.
Let us now consider p = 11. In this case reading (3.16) modulo 8 we
obtain a2 ≡ 5 (mod 8), which is again not possible.
For p = 7, equation (3.15) reduces to
3a2 + 4 = p2k+1. (3.17)
Using [16, Theorem A], we can conclude that (3.17) has at most one
solution (a, k) and thus (a, k) = (1, 0) is the only solution of (3.17).
Therefore (3.12) gives x = −5 as b = ±7k with k = 0. This is not
possible since x is positive.
We finally consider the remaining case p = q = 3 with k ≥ 1.
The units in ring of integers of Q(
√−3) are ±1,±ω,±ω2, where ω =
exp(2πi
3
). Thus (3.2) can be written as
x+
√−3
2
=
(
1±√−3
2
)(
a+ b
√−3
2
)3
with a ≡ b ≡ 1 (mod 2) satisfying 4y = a2 + 3b2.
We equate the imaginary parts to get
8× 3k = 3a2b− 3b3 ± a3 ∓ 9ab2.
This shows that 3 | a since k ≥ 1, which is a contradiction. 
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Proof of Theorem 2.1. We present the proof in two parts: gcd(p, x) =
1 and gcd(p, x) 6= 1.
Case I: gcd(p, x) = 1.
In this case, Proposition 3.1 gives all the solutions of (2.2) provided
n > 1 is odd. We now consider n to be even and thus (2.2) can be
written as
(2yt − x)(2yt + x) = p2k+1 (3.18)
with n = 2t for some integer t ≥ 1. Now suppose that gcd(2yt−x, 2yt+
x) 6= 1. Then by (3.18), we obtain that p | gcd(2yt−x, 2yt+x) and that
gives p | x, which is a contradiction. Thus gcd(2yt − x, 2yt + x) = 1,
and hence (3.18) gives {
2yt − x = 1
2yt + x = p2k+1.
(3.19)
Adding this two equations and then reducing modulo 3 one gets,
yt ≡ 2 (mod 3),
except for p = 3 and 11. This shows that t is odd and y ≡ 2 (mod 3).
Similarly for p = 11, once again adding the equations in (3.19) and
further reducing modulo 5 we obtain
yt ≡ 3 (mod 5).
Since 3 is a quadratic non-residue modulo 5, one concludes that t is
odd. Therefore (3.18) reduces to
x2 + p2k+1 = 4Y t,
where Y = y2 and t is an odd integer. This has no solution (x, Y, p, k, t)
by Proposition 3.1 except for t = 1.
When p = 3, equation (3.18) becomes
x2 + 32k+1 = 4y2
rt
for some odd integer t and for some integer r. This can further be
simplified to
x2 + 32k+1 = 4Y t,
where Y = y2
r
. This has no solution (x, Y, k, t) by Proposition 3.1
except for t = 1. For t = 1, (3.19) gives
(x, y) =
(
p2k+1 − 1
2
,
p2k+1 + 1
4
)
.
This implies that
(x, y, k, n) =
(
p2k+1 − 1
2
,
p2k+1 + 1
4
, k, 2
)
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is a family of solutions of (2.2).
Case 2: gcd(p, x) 6= 1.
We put x = psX , and y = ptY for some positive integers s and t
satisfying gcd(p,X) = gcd(p, Y ) = 1. Then (2.2) turns out to
p2sX2 + p2k+1 = 4ptnY n. (3.20)
We encounter three possibilities here and the first one is 2k + 1 =
min{2s, 2k + 1, tn}. In this case (3.20) implies
p(ps−k−1X)2 + 1 = 4Y nptn−2k−1.
Utilising previous technique we read it modulo p, and conclude that
tn = 2k + 1. Thus the last equation becomes
p(ps−k−1X)2 + 1 = 4Y n.
This equation has no solution using [19].
The second possibility is nt = min{2s, 2k+1, nt} and in this situation
(3.20) becomes
p2s−ntX2 + p2k−nt+1 = 4Y n. (3.21)
This has solutions only if either 2k = nt − 1 or 2s = nt. Now if
2k = nt− 1, then (3.21) gives
p2s−ntX2 + 1 = 4Y n.
Therefore as in the previous case, it has no solution. On the other hand
if 2s = nt, then (3.21) implies
X2 + p2(k−s)+1 = 4Y n. (3.22)
This has no solution by Proposition 3.1 and Case I except for n =
2, 3, 5, 7 and 13. We deal with these values of n individually.
If n = 2 then s = t, and hence by Case I the solutions of (3.22) are
given by
(X, Y ) =
(
p2(k−t)+1 − 1
2
,
p2(k−t)+1 + 1
4
)
.
Thus we can conclude that
(x, y, k, 2) =
(
pt × p
2(k−t)+1 − 1
2
, pt × p
2(k−t)+1 + 1
4
, k, 2
)
, t ∈ Z≥0
is a solution of (2.2).
Again if n = 3 then 2s = 3t, and thus we can write s = 3r for some
non-negative integer r. Therefore by Proposition 3.1 the solutions of
(3.22) are given by
(X, Y, p, n) ∈ {(37, 7, 3, 3), (5, 2, 7, 3)}
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satisfying k = 3r, r ∈ Z≥0. This shows that
(x, y, p, k, n) ∈ {(37×33r, 7×32r, 3, 3r, 3), (5×73r, 2×72r, 7, 3r, 3)}, r ∈ Z≥0
are also solutions of (2.2).
For n = 5, we have 2s = 5t and thus we can write s = 5r for some
r ∈ Z≥0. Hence by Proposition 3.1 the solutions of (3.22) are given by
(X, Y, p, n) ∈ {(11, 2, 7, 5), (31, 3, 11, 5)}
under the condition that k = 5r, r ∈ Z≥0. This shows that
(x, y, p, k, n) ∈ {(11×75r, 2×72r, 7, 5r, 5), (31×115r, 3×112r, 11, 5r, 5)},
where r ∈ Z≥0, are also solutions of (2.2).
Again for n = 7, we have 2s = 7t and thus we can write s = 7r for
some r ∈ Z≥0. Therefore by Proposition 3.1 the only solution of (3.22)
is given by
(X, Y, p, n) = (13, 2, 7, 7)
when k = 7r + 1 for some r ∈ Z≥0. This shows that
(x, y, p, k, n) = (13× 77r, 2× 72r, 7, 7r + 1, 7), r ∈ Z≥0
is also a solution of (2.2).
Finally if n = 13 then 2s = 13t, and thus we can write s = 13r
for some non-negative integer r. Therefore by Proposition 3.1 the only
solution of (3.22) is given by
(X, Y, p, n) = (181, 2, 7, 13)
satisfying the condition k = 3r, r ∈ Z≥0. This further implies that
(x, y, p, k, n) = (181× 1313r, 2× 132r, 7, 13r, 13), r ∈ Z≥0
is also a solution of (2.2).
The only remaining case is 2s = min{2s, 2k + 1, tn}. In this case,
(3.20) becomes
X2 + p2(k−s)+1 = 4ptn−2sY n.
Reading this modulo p, we see that tn = 2s, and thus it becomes
X2 + p2(k−s)+1 = 4Y n.
This is same as (3.22). This completes the proof of Theorem 2.1.
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